Except for coiled tubing, most tubular goods used for downhole operations (such as drillpipe and sucker rod) have connectors. Because a connector and the pipe body have different outer radii, the deformation and buckling behavior of a pipe with connectors constrained in a wellbore is much more complicated. However, most buckling models were established by neglecting the existence and effects of connectors.
Introduction
Buckling of pipe or tubing in wellbores may cause serious downhole problems. For example, helically buckled drillpipe may be locked up and not be able to transfer required weight on bit (WOB) or torque to the bit. Many researchers (Lubinski 1950; Lubinski et al. 1962; Paslay and Bogy 1964; Dawson and Paslay 1984; Mitchell 1988 Mitchell , 1999 Chen et al. 1990; Kyllingstad, 1995; Gao et al. 1994; Gao 1996; McCann, 1994, 1995; Deli et al. 1998; Qiu et al. 1998; Qiu 1999; Duman et al. 2003; Mitchell and Miska 2006; Gao and Miska 2009a, b; Menand et al. 2009 ) have made significant contributions to different aspects of pipe buckling in various wellbores. Mitchell (2008) and Cunha (2004) presented a detailed review of literature on this topic. Both theoretical analysis and experiments have shown that a pipe may buckle and transform from its initial configuration to a sinusoidal-wave-like configuration, or a helix. Paslay and Bogy (1964) studied the stability and sinusoidal buckling of tubing constrained in an inclined borehole with application of energy method. Dawson and Paslay (1984) derived the formula of critical axial force of sinusoidal buckling,
where a is the inclination angle of the wellbore. Instead of applying the energy method, Mitchell (1988) applied the equilibrium-analysis method and derived a fourthorder nonlinear ordinary-differential equation that describes the post-buckling behavior of tubing in inclined wells:
Mitchell (1997, 1999, 2002) further analyzed the post-buckling behaviors. It is obvious that h ¼ 0 is a trivial solution of Eq. 2. When F ! F crs , h ¼ 0 becomes unstable. For small h, Eq. 2 can be linearized as x are, respectively, dimensionless axial force and dimensionless distance. Critical load of sinusoidal buckling of a pipe constrained in a horizontal well (a ¼ 0:5p) can be determined from the general solution of Eq. 3 with respect to different boundary conditions (Gao et al. 1994; Gao 1996) . The effects of boundary conditions can be neglected for a long pipe, and the critical load of sinusoidal buckling approaches b crs ¼ 1, which is exactly the same as that predicted by Eq. 1. Gao (1996) presented a perturbation solution of the buckling equation (Eq. 2) and showed that the sinusoidal postbuckling configuration of a long pipe constrained in a horizontal well can be approximated by (Gao and Miska 2010) ,
Eq. 4 indicates that the wave length of a sinusoidally buckled pipe constrained in a horizontal wellbore is 
The analytical solution of Eq. 5 is consistent with the results derived by Dawson and Paslay (1984) with application of the energy method.
All the preceding results were developed under the assumption that a pipe continuously contacts the wall of a wellbore. However, this assumption does not hold for the case of a pipe with connectors. In fact, part of the pipe does not contact the wall of a wellbore because the outer radius of a connector is larger than that of the pipe body. Only a few papers considered the effect of connectors on deformation, stability, and post-buckling behavior of a pipe in different kinds of wellbores (Paslay and Cernocky 1991; Mitchell 2000 Mitchell , 2003a Duman et al. 2003; Mitchell and Miska 2006) . Paslay and Cernocky (1991) investigated deformation and stress of drillstring with connectors in curved wellbores with constant curvature. Their results showed that an unbuckled pipe with connectors in a curved wellbore may take three different configurations (no contact, point contact, and wrap contact) when it is subjected to axial compressive or tensile force. However, the weight of pipe was ignored in their model and they did not investigate the stability problem. Mitchell investigated buckling of a pipe with connectors to be constrained in vertical wells (Mitchell 2000) , horizontal wells (Mitchell 2003a) , and curved wells (Mitchell 2003b) . One assumption Mitchell used to derive the critical load of sinusoidal buckling and post-buckling behavior (Mitchell 2003a, b) is that the wave length of a sinusoidally buckled pipe is twice the length between two adjacent connectors. However, this assumption is not consistent with Eq. 5 when the outer radius of a connector equals that of the pipe body. As shown in Eq. 5, the wave length should also depend on bending stiffness (EI), weight (w), and the clearance between a pipe and the wellbore (r 0 ), in addition to distance between two connectors (L c ) and the difference of outer radius (Dr c ) between a connector and the pipe body. Duman et al. (2003) conducted some experimental studies on the effect of tool joints on contact force and axial-force transfer in horizontal wellbores. The effect of connector or tool joint on critical load of buckling and post-buckling behavior has been neither well investigated nor well understood yet.
In this paper, we derived a buckling model for a pipe with connectors to be constrained in horizontal wells with application of equilibrium equations of an elastic beam. The buckling model is composed of two nonlinear differential equations with two basic unknownsangular displacement hðxÞ and radial displacement rðxÞ. The configuration of a pipe's axis is completely determined by the two basic unknowns. The two unknowns can be solved from the two nonlinear differential equations under proper boundary conditions. When the axial compressive force (F) is smaller than the critical force of sinusoidal buckling (F crs ), the axis of a pipe is a 2D curve in the vertical plane. The trivial solution of the buckling equations, hðxÞ ¼ 0, represents the stable configuration of an unbuckled pipe. In case of a pipe without connectors, rðxÞ ¼ r 0 is a constant and indicates a continuous contact between the pipe and the wall of the wellbore. But the radial displacement rðxÞ of a pipe with connectors is no longer a constant. rðxÞ can be solved analytically from a linear differential equation that is simplified from the buckling equations by setting hðxÞ ¼ 0. From the general solution and boundary/contact conditions specified at each connector or contact point, we showed that the axis of an unbuckled pipe may take three different configurations-no contact, point contact, and linear (or wrap) contact-which is similar to the results obtained by Paslay and Cernocky (1991) . We presented a detailed analysis of these three different configurations, and derived the two critical distances between two connectors, L c;1 and L c;2 . An unbuckled pipe will change its configuration from no contact to point contact when L c > L c;1 or from point contact to wrap contact when L c > L c;2 . Contact force acting at a connector and contact force acting at a contact point were also derived.
When F > F crs , the pipe's axis will change from a 2D curve to a 3D snaking curve [i.e., hðxÞ 6 ¼ 0]. An important issue is how to determine the critical force of a pipe with connectors. Although the effect of friction on stability and post-buckling behavior of a pipe constrained in a wellbore is significant (Gao and Miska 2009a, b; McCann 1994, 1995) , we did not consider the effect of friction in this paper for simplicity. As shown by Eq. 4, hðxÞ becomes very small when F is close enough to F crs , and thus, the buckling equations can be linearized by neglecting higher terms of hðxÞ. The linearized buckling equation with respect to radial displacement is the same as the equation for an unbuckled pipe, and its solutions with three different configurations can be applied directly to the other linearized buckling equation with respect to angular displacement. For small hðxÞ, the nonlinear buckling equation with respect to angular displacement becomes a linear differential equation with coefficients being determined by the radial displacement that has been solved from the linear differential equation of an unbuckled pipe.
However, analytical solution for the linearized buckling equation of angular displacement is still not available. We proposed a procedure to obtain the critical force by numerically solving the linearized buckling equation with application of the fourth order Ronge-Kuta method.
Buckling Equations Basic Assumptions.
1. Radius of the wellbore is constant. 2. The clearance between the pipe and the wellbore is so small that the deformation of pipe is elastic.
3. A connector is regarded as a rigid disk with zero length. 4. No torque and no friction.
Geometric Parameters, Material Properties, and External
Forces. An unbuckled pipe with connectors constrained in a horizontal well may take three different equilibrium configurations: no contact (Fig. 1a) , point contact (Fig. 1b) , and wrap contact (Fig. 1c) . The equilibrium configuration of a pipe's axis depends on the following geometric parameters, material properties, and external forces acting on the pipe. Geometric parameters include the inner radius of the wellbore (r w ), the outer radius of a connector (r c ), the outer radius of the pipe body (r po ), the distance between two adjacent connectors (L c ), and total length of the pipe (L). r 0 ¼ r w À r po denotes the clearance between the pipe and the wellbore, and Dr c ¼ r c À r po denotes the difference of outer radius between a connector and the pipe body. Material properties include the weight of the pipe per unit length (w) and the bending stiffness of the pipe (EI).
An axial force F L is applied at the loading end (x ¼ L). In this paper, F L > 0 means a compressive force. Because of the weight of the pipe, all connectors contact the wall of the wellbore, and a normal concentrated contact force N c;i acts on the ith connector at x i ¼ iL c ; here, we assume the first connector is located at the dead end (x ¼ 0).
In case of point contact (as shown in Fig. 1b) , the middle point of a pipe between two adjacent connectors contacts the wall of the wellbore, and a normal contact force N p;i acts on the pipe at the middle point [x i;m ¼ ði þ 0:5ÞL c ] between x i and x iþ1 . In case of wrap contact, in addition to normal contact force NðxÞ that is linearly distributed over the interval of (x i;n1 ,x i;n2 ), two concentrated normal contact forces, N i;n1 and N i;n2 , act (respectively) at x i;n1 ¼ x i þ l i;n1 and x i;n2 ¼ x iþ1 À l i;n2 . For an unbuckled pipe, we can show N c;i ¼ N c , N p;i ¼ N p , N i;n1 ¼ N i;n2 ¼ N n , and l i;n1 ¼ l i;n2 ¼ l n , where l n denotes the length of the part of pipe that does not contact the wall of the wellbore (as shown in Fig. 1c) Static-Buckling Equations. A detailed analysis of elastic deformation of a pipe constrained in an inclined well is presented in Appendix A. Buckling equations are derived with application of static equilibrium equations in Appendix B. Using the dimensionless parameters and variables just defined, and assuming a ¼ 0:5p (a horizontal well), the buckling equations (Eqs. B-16 and B-17) can be normalized as
As shown by Eqs. 6 and 7, the radial displacement cð1Þ is nonlinearly coupled with the angular displacement hð1Þ. Theoretically, we can solve both hð1Þ and cð1Þ from Eqs. 6 and 7 under appropriate boundary conditions. However, it is very difficult to obtain a general solution of the buckling equations. Some specific solutions may provide insights for further investigation. For example, the solutions of an unbuckled pipe with respect to hð1Þ ¼ 0 can provide an accurate enough approximation of the radial displacement for stability analysis. In the following sections, we will investigate the static equilibrium configurations of an unbuckled pipe with connectors. hð1Þ 6 ¼ 0 holds for a buckled pipe. When the axial force is close enough to the critical force of buckling, hð1Þ is very small, and thus Eqs. 6 and 7 can be lineraized as
Eq. 8 is exactly the equilibrium equation of an unbuckled pipe with hð1Þ ¼ 0. In case of wrap contact, the pipe contacts the wall of a wellbore continuously over an interval in the center part between two connectors, where cð1Þ ¼ 1 and n ¼ 1 hold. However, the part of the pipe near a connector does not contact the wellbore, and cð1Þ can be solved from Eq. 8 by setting n ¼ 0, or from the following linear differential equation:
In the next section, we will present detailed analysis of different equilibrium configurations of an unbuckled pipe by solving Eq. 10 under proper boundary conditions.
Equilibrium Configurations of an Unbuckled Pipe With Connectors in Horizontal Wells
Analytical Solutions of an Unbuckled Pipe. A detailed discussion of the solutions of Eq. 10 is presented in Appendix D. The following solutions satisfy the boundary conditions specified at the ith connector (1
or at the (iþ1)th connector (1
where A 1 and A 2 are integral constants that can be determined by proper boundary conditions at 1 iþ1 (in case of no contact), the contact conditions at the middle point 1 m ¼ 1 i þ 0:51 c (in case of point contact), or at 1 p ¼ 1 i þ 1 n (in case of wrap contact). Solutions of Eqs. 11 and 12 indicate that the radial displacement for the part of pipe in the ith segment between the two adjacent connectors at 1 i and 1 iþ1 is exactly the same as that in other segments. Without lost generality, we will discuss only the solutions in one segment. Given Dc c , 1 c , and b, we can determine the pipe's configuration using Eqs. 11 and 12 under appropriate boundary conditions. Plots with different styles in Fig. 2 show some results of the solutions, cð1Þ, with respect to different distances between two connectors (1 c ¼2, 3, 3.41, 4, 4.66, and 6) given Dc c ¼ 0:5 and b ¼ 0:5. In Fig. 2 , the vertical coordinate represents the dimensionless radial displacement (c), whereas the horizontal coordinate is the dimensionless distance from the ith connector (1 À 1 i ). From Fig. 2 , we see that the middle point between two adjacent connectors starts to contact the wall of the wellbore when 1 c ¼ 3:41 and wrap contact occurs when 1 c > 4:66, given Dc c ¼ 0:5 and b ¼ 0:5.
No Contact. When 1 c < 1 c;1 , the body of pipe between two adjacent connectors will not contact the wall of the wellbore. In this case, Eq. 11 is used to determine the configuration of a pipe in the interval of ð1 i ; 1 iþ1 Þ, and integral constants A 1 and A 2 are
In case of no contact, it is easy to prove that cð1Þ, c 0 ð1Þ, c 00 ð1Þ, and c 000 ð1Þ are continuous and smooth within the interval of ð1 i ; 1 iþ1 Þ. cð1Þ, c 0 ð1Þ, and c 00 ð1Þ are also continuous at a connector (1 i or 1 iþ1 ); however, c 000 ð1Þ becomes discontinuous at 1 i or 1 iþ1 because of the action of a concentrated normal contact force that is applied at a connector (see Appendix C). From Eq. C-8, we can determine the dimensionless concentrated normal contact force at a connector,
or, equivalently, N c ¼ wL c . The radial displacement, cð1Þ, reaches its maximum at the middle point between two connectors, 1 i;m ¼ 1 i þ 0:51 c , and c 00 ð1 m Þ < 0. As shown by the thick solid black (1 c ¼ 2) and thin solid black (1 c ¼ 3) curves in Fig. 2 , radial displacement, cð1 m Þ, increases as 1 c increases. Let 1 c;1 denote the first critical distance between two connectors beyond which the middle point will contact the wall of the wellbore. 1 c;1 can be solved from c i;1 ð1 i þ 0:51 c;1 Þ ¼ 1, or equivalently,
The solid black curve in Fig. 3 shows the plot of k c;1 ðgÞ solved from Eq. 15. Point Contact. When 1 c ! 1 c;1 , the middle point 1 i;m ¼ 1 i þ 0:51 c will contact the wall of the wellbore, as shown by the thick dashed black (1 c ¼ 3:41) and thin dashed black (1 c ¼ 4) curves in Fig. 2 . In this case, Eqs. 11 and 12 are, respectively, used for the interval of ð1 i ; 1 i þ 0:51 c Þ and ð1 iþ1 À 0:51 c ; 1 iþ1 Þ. 2kccotkcÀ2 . In case of point contact, cð1Þ, c 0 ð1Þ, and c 00 ð1Þ are continuous within the interval of ð1 i ; 1 iþ1 Þ, and they are also continuous at a connector (1 i or 1 iþ1 ) . However, c 000 ð1Þ becomes discontinuous at 1 i , 1 iþ1 , and 1 m ¼ 1 i þ 0:51 c because of the action of a concentrated normal contact force applied at a connector or at the middle point (1 m ) (see Appendix C). From Eq. C-8, we can determine the dimensionless concentrated normal contact force at the middle point,
Similarly, we obtain from Eq. C-8 that n c ¼ Nc
Note that the first critical distance (1 c;1 ) can be also determined by solving n p ¼ 0 from Eq. 16, which results in Eq. 15, too.
We can show that c ]. However, cð1Þ should have only one peak at the middle point (and only one contact point) for the case of point contact. Thus, the second critical distance, 1 c;2 , beyond which the middle part of the pipe will continuously contact the wall of the wellbore instead of a point contact, can be determined by solving c q . The dashed black curve in Fig. 3 is the plot of the second critical distance, k c;2 ðgÞ, solved from Eq. 17. The two curves, k c;1 ðgÞ and k c;2 ðgÞ, divided the 2D plane of (g; k c ) into 3 regions-A(k c < k c;1 ), B (k c;1 < k c < k c;2 ), and C (k c > k c;2 ), which correspond to the three different configurations of an unbuckled pipe: no contact, point contact, and wrap contact, respectively. Given physical properties (w and EI), geometrical parameters (r w ,r po ,r c , and L c ), and axial force (F L ), it is simple to calculate both k c and g, and thus to decide the configuration of the pipe from the location of the point (g; k c ) in Fig. 3 .
Wrap Contact. When 1 c > 1 c;2 , part of the pipe in the middle part between two adjacent connectors continuously contacts the wall of the wellbore, as shown by the thick dotted (1 c ¼ 4:66) and thin dotted (1 c ¼ 6) curves in Fig. 2 . In this case, Eqs. 11 and 12 are, respectively, used for the interval of ð1 i ; 1 i þ 1 n Þ and ð1 iþ1 À 1 n ; 1 iþ1 Þ. Integral constants A 1 and A 2 are
The starting point of contact is at 1 p ¼ 1 i þ 1 n . The value of 1 n is determined by the continuous condition of the secondary deriv-
It is obvious that 1 n ¼ 0:51 c;2 is independent of 1 c . cð1Þ ¼ 1 holds for 1 2 ð1 i þ 0:51 c;2 ; 1 iþ1 À 0:51 c;2 Þ.
Similarly, cð1Þ, c 0 ð1Þ, and c 00 ð1Þ are continuous within the interval of ð1 i ; 1 iþ1 Þ, and they are also continuous at a connector (1 i or 1 iþ1 ). In addition to 1 i and 1 iþ1 , c 000 ð1Þ is discontinuous at 1 i þ 0:51 c;2 and 1 iþ1 À 0:51 c;2 because of the action of concentrated normal contact forces applied at both points. From Eq. C-8, we can determine the dimensionless concentrated normal contact force at the two points:
The distributive normal contact force in the interval of ð1 i þ 0:51 c;2 ; 1 iþ1 À 0:51 c;2 Þis n ¼ N w ¼ 1 or N ¼ w. The preceding solutions clearly indicate that the concentrated contact forces acting at a connector and at the two endpoints of continuous contact (1 i þ 0:51 c and 1 iþ1 À 0:51 c ) balance the weight of the pipe segment that does not contact with the wall of wellbore, whereas the weight of the pipe segment that continuously contacts the wall of the wellbore is balanced by the linearly distributive normal contact force, N ¼ w.
Stability Analysis of a Pipe With Connectors in Horizontal Wells
Numerical Solution of the Buckling Equation Using the Fourth-Order Ronge-Kuta Method. When the axial compressive force is larger than the critical load of sinusoidal buckling (b > b crs ), the pipe's axis becomes a 3D snaking-shaped curve [i.e., hð1Þ 6 ¼ 0]. Determination of the critical force, b crs , beyond which the pipe will change its configuration from a 2D curve to a 3D snaking shape, is crucially important for practical applications.
The solution of Eq. 10, cð1Þ, represents the configuration of an unbuckled pipe with connectors and has been solved in the preceding. As discussed above, cð1Þ is a periodic function, but c 000 ð1Þ is discontinuous at a series of points (at a connector or at a contact point). Thus, it is difficult to obtain an analytical solution of the linearized buckling equation with respect to the angular displacement (Eq. 9), and we need to seek numerical approaches. In this paper, we apply the fourth-order Ronge-Kuta method, RK4 (Butcher 2003) , to solve the linear differential equation.
Let y ¼ ðy 1 ; y 2 ; y 3 ; y 4 Þ T and Eq. 9 becomes dy d1
d1 3 , and
Given y ðnÞ ¼ yð1 ðnÞ Þ and step size h ¼ 1 ðnþ1Þ À 1 ðnÞ ¼ D1, y ðnþ1Þ ¼ yð1 ðnþ1Þ Þ can be determined by
; y ðnÞ Þ; k 2 ¼ f ð1 ðnÞ þ 0:5h; y ðnÞ þ 0:5hk 1 Þ;
þ 0:5h; y ðnÞ þ 0:5hk 2 Þ;
The error per step of the RK4 method is on the order of h 5 . 
Determination of Critical
is equivalent to changing the value of the constant c. Our purpose is to find a nontrivial solution that satisfies the boundary conditions. Thus, we can fix h 0 ð0Þ to any nonzero value-for example, h 0 ð0Þ ¼ 0:1-in our implementation. Now our problem becomes finding a h 000 ð0Þ such that both hð1 L Þ ¼ 0 and h 00 ð1 L Þ ¼ 0 hold. Let us define an objective function
As shown in Fig. 4 , F 1 ðh 000 ð0Þ; bÞ has a unique minimum, F 1min ðbÞ, when b is fixed. Given different values of b (0.7, 0.8, and 0.9, as shown in Fig. 4) , the minimum is different. The minimum can be solved easily by applying a 1D line-search optimization method. Fig. 5 illustrates the plot of F 1min ðbÞ for a given setting of parameters (Dc c ¼ 0:5 and 1 c ¼ 2:5). We need to note that F 1min ðbÞ has zero solutions at a series of discrete values of b.
A nontrivial solution [hð1Þ 6 ¼ 0] that satisfies boundary conditions on both ends exists when b equals these values. The smallest value of such b for which F 1min ðbÞ ¼ 0 holds is the critical force of buckling.
Similarly, we can obtain both b crs and h 000 ð0Þ for a pipe with a pinned end at 1 ¼ 0 and a fixed end at 1 ¼ 1 L by minimizing the objective function of
for fixed b and by solving F 2min ðbÞ ¼ 0. For a pipe with two fixed ends, the boundary conditions of hð0Þ ¼ 0 and h 0 ð0Þ ¼ 0 are given, and h 00 ð1 L Þ ¼ 6h 00 ð0Þ also holds because of symmetry. We fix h 00 ð0Þ ¼ 0:1 and then determine both b crs and h 000 ð0Þ by minimizing the objective function of
for fixed b and by solving F 3min ðbÞ ¼ 0.
Numerical Results and Discussion. Figs. 6 through 9 show some numerical results obtained by applying the numerical method just discussed. In these examples, a pipe is pinned at both ends. In Figs. 6, 7, and 9, the vertical coordinate represents dimensionless critical force. In Fig. 8 , the vertical coordinate is dimensionless wavelength. In Figs. 6, 7, and 8, the horizontal coordinate is dimensionless length of a pipe. In Fig. 9 , the horizontal coordinate is dimensionless distance between two adjacent connectors. Gao et al. (1994) derived analytical solutions for a pipe without connectors (Dc c ¼ 0); also see Gao and Miska (2009a) :
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1.E+00 where integer k ! 1 is the number of half-waves and is chosen such that it minimizes b crs ð1 L ; 1 c ; 0Þ. It is obvious that the critical force is independent of 1 c (the distance between two adjacent con- Our numerical results (Fig. 7) show that both the distance between two adjacent connectors (1 c ) and radius difference between a connector and the pipe body (Dc c ) have significant impact on the critical force. Results shown in Fig. 7 are obtained by setting Dc c ¼ 0:25. Different symbols in Fig. 7 are numerical results calculated with respect to different distances between two adjacent connectors, 1 c ¼ 0.5, 1, 1.5, 2, 2.5, 3, 3.5, and 4.
When the distance between two connectors is small (1 c 1:5), radial deflection is rather small and its effect on critical force is negligible; thus, the radial displacement can be regarded as a constant of cð1Þ ¼ 1 À Dc c . It is equivalent to a pipe with no connector being constrained in a wellbore with a reduced clearance of ð1 À Dc c Þr 0 . When 1 c 1:5, the critical force and wavelength can be approximated by
The black solid curves in Figs. 7 and 8 are critical force and wavelength calculated by Eqs. 26 and 27 given Dc c ¼ 0:25. Numerical results of critical force and wavelength with respect to 1 c ¼ 0.5 (open black triangles), 1 (black stars), and 1.5 (open black circles) are almost identical to the solid black curve. The zigzag shape of the solid curve in Fig. 8 represents the change of the number of half-waves as the length of the pipe increases. For a short pipe with 1 L < 1 wc ¼ 1:5pð1 À Dc c Þ 0:25 , (approximately 4.385 for Dc c ¼ 0:25), only a half-wave is formed, as indicated by k ¼ 1 in Fig. 8 . When 1 wc < 1 L < 21 wc , one complete wave (k ¼ 2) will be formed. Thus, the wave length will be reduced from 21 wc to 1 wc at 1 L ¼ 1 wc . Numerical results shown in Figs. 7 and 8 clearly show that the effect of boundary conditions is negligible, and thus critical force and wavelength become independent of the pipe's length for a pipe that is long enough (1 L > 5p).
However, as the distance between two adjacent connectors increases, radial deflection becomes quite large (as shown in Fig.  2) , and the effect of radial deflection on critical force and wavelength becomes significant. The approximate analytical solutions (Eqs. 26 and 27) (1 c ¼ 2) , the dashed curve with solid triangles (1 c ¼ 2.5), and the dashed curve with open diamonds (1 c ¼ 3) in Fig. 7 . The critical force reaches its minimum at 1 c ¼ 1 c;1 . When 1 c > 1 c;1 , the middle point between two connectors contacts the wellbore, which provides a support or an extra constraint to the pipe, and thus makes it more stable. Further increasing the distance between two connectors may increase the critical force, as illustrated by the dashed black curve with open squares (1 c ¼ 3.5) and the dashed black curve with solid diamonds (1 c ¼ 4) in Fig. 7 .
You may notice that some solid squares (1 c ¼ 2.5) and solid dots (1 c ¼ 3.5) are not on the zigzag black curve in Fig. 8 . Our numerical results show that the wavelength remains constant, 1 w ¼ 21 L (i.e., a half-wave is formed within two adjacent connectors in such cases). Within a certain range (À0:2p < 1 c À kp < 0:2p), the dimensionless distance between two connectors is close enough to kp, and k half-waves are formed within two connectors, no matter how long the pipe is.
Let b Because the effect of radial deflection of pipe becomes dominant when 1 c > 1:5, critical force decreases dramatically as the distance between two connectors (1 c ) increases and reaches its minimum at 1 c ¼ 1 c;1 (the critical distance of point contact). The larger the radius difference between a connector and pipe (Dc c ), the more reduction of critical force is observed. Geometrical parameters and physical properties used to determine critical force of some commonly used drillpipes and sucker rods are listed in Table 1 . For these commonly used pipes, the range of Dc c is from 0.4 to 0.8, the range of 1 c is from 2.3 to 3.3, and critical forces of sinusoidal buckling may reduce by 20 to 60%, as shown by black open circles in Fig. 9 . Conclusions 1. A pipe with connectors in horizontal wells assumes a 2D curve in the vertical plane [hð1Þ ¼ 0] when axial force is smaller than the critical force of buckling (b < b crs ), and it will change its configuration from a 2D curve to a 3D snaking curve [hð1Þ 6 ¼ 0] when the axial force exceeds the critical force. 2. An unbuckled pipe with connectors may take three different configurations: no contact, point contact, and wrap contact. Critical conditions of transformation from no contact to point contact, or from point contact to wrap contact, depend on distance between two adjacent connectors (1 c ), difference of outer radius between pipe and connector (Dc c ), and axial force (b), all in dimensionless form. 3. A numerical algorithm was proposed in this paper to determine the critical force by solving the buckling equations numerically using the RK4 method. The numerical algorithm is validated by comparing numerical results with analytical results for the specific case of a pipe with no connector. 4. Existence of a connector may increase or decrease the critical force of buckling, depending on both distance between two adjacent connectors (1 c ) and difference of outer radius between pipe and connector (Dc c ). 5. When the distance between two adjacent connectors is small
(1 c <1.5), the effect of radial deflection on critical force is negligible. Existence of a connector provides extra constraints on the pipe and thus increases the critical force by a factor of ð1 À Dc c Þ À0:5 . However, the effect of radial deflection becomes more significant and the critical force decreases as the distance between two connectors increases, and it reaches its minimum when the distance approaches the critical distance of point contact. Depending on the magnitude of Dc c , the critical force may reduce by 20 to 60%. where
ðB-6Þ
The derivative ofMðxÞ with respect to x is
The differential pipe element remains in its static equilibrium state under the combined actions of ÀFðxÞ, ÀMðxÞ,Fðx þ dxÞ, Mðx þ dxÞ, andf ðxÞ. Thus, the following balance equations hold:
Decomposing vectorF along the three orthogonal unit vectors ofĩ,p, andq,
ðB-10Þ
where F x ðxÞ is the axial force. F x ðxÞ > 0 means a tensile force, whereas F x ðxÞ < 0 means a compressive force. The derivative ofF with respect to x is dF dx
Á Á Á Á Á Á Á Á Á Á Á Á Á Á Á Á Á Á Á ðB-11Þ
From Eqs. B-10 and A-2, we havẽ
Using Eqs. B-5, B-6, B-7, and B-12 in Eq. B-9 gives Bending momentMðx p Þ is continuous at x p . However, the axial force and shear forces in both normal and binomial directions become discontinuous because of the action of the concentrated force.
Because a pipe is elastic, the pipe's axis is still a smooth function at x p , and thus r, 
